Convective Instabilities in Concurrent Two

Phase Flow:
Part |. Linear Stability

The linear stability of thermally stratified horizontal two-phase Couette
flow is analyzed for the case of a constant vertical temperature gradient.
Instabilities driven by buoyancy, surface tension gradients, or shear are al-
lowed for. It is shown that the instability can take three possible forms:
streamwise oriented roll vortices, long interfacial waves, and short Tollmien-
Schlichting waves. It is shown that the stability limits for rolls are identical
to those for plane, stagnant layers. A long wave expansion is presented and
the stability limits for this mode are given algebraically. The nonexistence
of a Squire’s Theorem is demonstrated and some numerical experiments
at moderate Reynolds numbers are described. Detailed comparisons with
previous work are possible for only one fluid pair, but it is shown that
reasonably accurate statements may be made to determine which mode
may manifest itself in any given experimental situation.

SCOPE

RAYMOND J. GUMERMANd
an
GEORGE M. HOMSY

Department of Chemical Enaineering
Stanford University
Stanford, California 94305

Under certain conditions, diffusive heat or mass transfer
across a fluid-fluid interface can result in a convective
instability. The secondary convection is driven by the tem-
perature or concentration gradients, Because rates of
transport are enhanced severalfold over that occurring by
the diffusion mechanism alone, an understanding of the
phenomena is of great practical interest. Study of this
instability of diffusive transport has attracted considerable
attention since it was first observed by Bénard (1900). It
is now well known to be due to either surface tension
variations or buoyantly unstable density variations.

Many theoretical analyses of instabilities driven by
buoyancy and surface tension gradients exist for the case
of stagnant plane fluid layers, (Berg et al., 1966; Sawistow-
ski, 1971). The results of these studies have been sub-
stantiated by experiments, but it has been difficult to

apply these results to cases of practical importance be-
cause of several restrictive assumptions. One of these is
the assumption of initially stagnant phases. The objective
in this work is to examine the effect of a rectilinear flow
on some of the predictions made in stagnant systems. The
work is motivated by the pervasiveness of shear in situa-
tions of practical interest such as liquid-liquid extraction,
film evaporators, and wetted wall columns. All of these
are situations where convective instabilities would be ex-
pected. In this paper, the first of a three part series, we
employ the techniques of linear stability theory to (1)
categorize the possible modes of instability in two-phase
concurrent flow and (2) determine quantitative instability
criteria which would allow one to predict which of these
modes would occur.

CONCLUSIONS AND SIGNIFICANCE

The model system used here is the simplest incorporat-
ing the important physics of the problem. Thermally
stratified two-phase Couette flow is considered. We take
the gravity vector to be perpendicular to the boundar'es
generating the shear field and the thermal stratification to
be linear. The treatment for mass transfer is identical
except for the stabilizing effect of the Gibbs adsorption
layer. Buoyancy, surface tension, and shear induced in-
stability modes are allowed.

It is found that the instability can take one of three
forms. In the first, designated as the longitudinal roll
mode, the mean flow is shown to have no effect on the
linear stability limits. Thus the critical parameters for
onset of instability are identical to those predicted by an
analysis for plane stagnant layers. The second mode,
denoted as the long interfacial wave mode, is characler-
ized by a low Reynolds number instability. A long wave
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expansion is developed and explicit criterion given for
the onset of this mode. The third form of instability, that
of short Tollmien-Schlichting waves, is discussed but no
detailed computations are reported for this mode. This is
a high Reynolds number phenomenon, as opposed to the
other two modes. The remainder of the work centers on
the development of criteria which would allow one to
predict which mode of instability will eccur. It is shown
that a Squire’s transformation exists, but no Squire’s
Theorem is possible due to the competing physical effects
of surface tension, gravity, and shear. Thus, one cannot
state a priori what orientation the instabil'ty will take.
The paper concludes with some representative calcula-
tions for specific fluid pairs. For fluid pairs of high inter-
facial tension and high density ratio, the instability is
expected to take the form of longitudinal roll vortices.
Conversely, density ratios near unity will favor the ap-
pearance of long interfacial waves as the observed mode
of instability.
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Convective motions occurring spontaneously during heat
or mass transfer between two fluid phases have attracted
a great deal of attention since the early experiments of
Bénard (1900). It is now well understood that, in general,
these motions are produced by the combined effects of
density and interfacial tension gradients. Excellent reviews
of the vast amount of work which has been done in this
area include Berg et al. (1966), Sawistowski (1971), and
Berg (1972). However, the present understanding of the
effect of shear upon convective instabilities is far from
adequate. For example, there are no analyses of the effect
of shear on interfacial convection, while experimentally
the problem has been considered only by Clark and King
(1970), Maroudas and Sawistowski (1964), and Linde
and Schwarz (1964). A related problem that has received
attention is that of buoyancy-driven instability in a
horizontal fluid layer between surfaces in a relative motion,
or alternatively, in a fluid layer flowing between two sta-
tionary surfaces. The Couette problem is important in
the study of atmospheric circulation and cloud formation.
The linear stability of stratified Couette flow was treated
by Gallagher and Mercer (1965), Deardorff (1965), and
Ingersoll (1966), and the related uniqueness problem
was solved by Joseph (1966). Brunt (1951), Chandra
(1938), Benard and Avsec (1938), and Graham (1933)
studied the problem experimentally. Gage and Reid
(1968) and Phillips and Walker (1932) considered the
Poiseuille problem. Despite the rich history of this prob-
lem, certain experimental observations regarding preferred
instability orientation are not predicted, as we will dis-
cuss below.

Since physically important applications of convective
motion, for example, liquid-liquid extraction, film evap-
orators and transport in wetted wall columns commonly
involve the presence of shear, it is surprising that the area
has generated so little interest. The present work is an
integrated approach to the hitherto neglected study of
convective flow in systems undergoing shear. This study
is confined to the case of horizontal fluid layers, the
simplest system retaining the important physical aspects
of the problem and includes the inevitable interaction of
the interfacial tension and buoyancy driven modes. Results
of linear and energy stability theory are presented in Parts
I and II, while Part III deals with some companion ex-
periments.

The linear stability of horizontal, stratified fluid layers
subject to surface driven convection is treated in a num-
ber of works considering the various physical possibilities,
that is, single or double fluid layers, flat or deformable
interface, and simultaneous buoyancy instability. The
significant works in the area are Pearson (1957), Stern-
ling and Scriven (1959), Nield (1964), Smith (1966),
Zeren and Reynolds (1972), and Palmer and Berg
(1972). These analyses have assumed a quiescent and
diffusive (steady) base state. The experiments of Palmer
and Berg (1971) are the best check of the theory: the
agreement is fair considering the experimental difficulties.
Our treatment here will be for instahilities driven by
energy transport between the two phases. Recent work
by Palmer and Berg (1972) and Brian (1971) has shown
that in the case of mass transfer accumulation of mass in
the Gibbs layer may have profound stabilizing effects on
surface tension driven instabilities. In cases for which
the instability arises primarily as the effect of buoyancy
or shear, however, the two transport mechanisms are
analogous. Many of our overall conclusions regarding the
orientation of disturbances are in fact uneffected by Gibbs
adsorption.

Here, we extend linear theory to study the effect of
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shear in a physically realistic model. We consider steady
state temperature stratification in a horizontal gap filled
with two immiscible fluids. The two bounding surfaces
will be in steady relative motion inducing a two-dimen-
sional rectilinear flow in the base case, and since waves
are a characteristic instability, the interface will be al-
lowed to deform.

The same stratification that induces surface tension in-
stability will cause a buoyancy gradient which may be
stabilizing or destabilizing. Both modes are included in
the following analysis. The modes are coactive when the
direction of transfer (in this case heat transfer) is such
that both modes would be excited singly, given severe
enough stratification. In this case instability will arise at
a less severe stratification than if either effect were present
alone. Conversely, the modes are counteractive when
they would be activated by transfer in opposing directions,
and consequently the stratification necessary to cause in-
stability is greater than if the effects were considered

singly.
LINEAR STABILITY ANALYSIS

As a base case we consider two immiscible fluids located
between two rigid and isothermal boundary surfaces of
infinite extent. A reference frame is chosen such that the
interface at 2 = 0 is stationary: the upper surface (at
temperature T;) is located at z = d, and moves in the y
direction at rate V while the lower plate (at temperature
T;) at 2 = — dp moves in the opposite direction at rate
pa/ ny dv/dg V. After scaling with the characteristic quan-
tities Vo, d(= ds + dp), and L.d, the base state is de-
scribed by

Vo= (1+71)z (2.1a)
Ve=et(l+r)z (2.1b)
sr T, 14rs )
T, = ( . 2.1
S\ttt non 1w/ B
T, 1+7rs )
T, = ( . 2.1d
» = 52 + 1+r+T1—T2 47 (2.1d)
where the upper plate is located at z = (1 + r)~1 and
the lower plate at z = —r (1 + r) L,

Employing the Boussinesq approximation, the linear-
ized disturbance momentum equations are found in the
normal way to be

v av 1 > A
ou + V'i +?\w,_ - — Vp/ + V2 — ngal
at day 0z I3
(2.2)
where
p=—(22) (2)
N p oT '

Pressure and horizontal velocity components are removed

by taking the scalar product of * and the double curl of
(2.2a):

3 3
o VR + V- Vi =V 4 BV 20 (2.4)

oy
The linearized disturbance energy equation is
o4 26’ aT
— +V— 4w —— =V (2.5)
ot dy oz

We nondimensionalize the two disturbance equations
using the scales
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d
{t, T, V, w’, 0/} = {—V——, Lad; VO’ VO’ Lad } (2'6)

0
to give in the upper phase
Ra,

0 d
Re, (i + Va ) Viw, = Viw, + Vs
ot ay Pe,
(2.7a)
90 a9
+ Vo—— + wy' = V29, (2.7b)
at oy Pe,

and in the lower phase

0 ] Ra
Re, ("* +Vy —'") V2w, = Viwy + — V420, (2.7¢)
ot oy P

st'ey
a6y’ 08y
d —+ Vb ———b—- + wb’s = Vlzob, (2.7d)
ot ay Pey

The periodic horizontal dependence of the disturbance
is expressed using normal mode analysis

9 6(z)
{ w J ___[ w(z) } £il6z+ By gt
z n

where B and & are horizontal wave numbers. 5 is the
surface deformation in the vertical direction, appearing
in the boundary conditions below. o is the complex time
constant of the disturbance, its real part is positive if the
disturbance grows, that is unstable base case, and negative
if it decays, that is, stable base case. In the transformed
equations § appears implicitly in the total wave number
« = (8% + jB2)*. These equations are

(2.8)

R
Reg(o 4+ VaiB) (D2 — a?)wg = (D? — o2) 2w, — Paa 20,
€q
(2.9a)
f Rab
Reb(a + Vbl,B) (l)2 - az)wb = (D2 -_ a2)2wb - a20b
sPeb
(2.9b)
1
(o0 + VaiB)ba + we = (D% - a?)8s  (2.9¢)
Pe,
. 1
(U + Vsz)Ob + wps = 7 (D2 - -a2)-9b (29d)
€p

The boundary conditions at the walls reflect the isothermal
no-slip character

wy,=Dw,=6,=0 at z=(147r)"1 (2.10a)
at z2=—r(1+r)"1 (2.10b)

In the disturbed state, the interface has dimensional
position z = %’ (x, y) in the vertical direction. At this posi-
tion the disturbed flow has the following dimensional con-
tinuity conditions:

wszwb:Ob:O

To+ 6 =Tp+ 6 (2.11a)

3 3
ko= (0 + Ta) = ko —— (85 + To) (2.11D)

0

A A A

Viy + vkVi¥y' = + k(P — Py) + k
“Les (Vi + (Vur)T) = pa(Vag' + (V)] (2.11c)
- A -> A
u + Vof = uy’ + Vij (2.11d)
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( i + Vb—a—) W =w (2.11e)
ot oy

These represent continuity of temperature, heat flux,
stress, and velocity. Equation (2.1le) is the kinematic
condition relating change in interface position to velocity.
These conditions are transferred to z = 0 using a Taylor
series, and the basic state is subtracted out giving the
following linearized disturbance equations:

6. + wLo = 8y + 7'Le (2.12a)
084 38y’

ke = ky —— (2.12b)
[i74 02

62wb’
Vi%y = (——
1Y = ¥b Py

+ V12wb')

2w,
— Ha (_ 2 + Vlzwa’) (2.12c)
932

’

ow
(P — Py') + (po — pa)gn’ + 2 >

dwy
2 X vy (2.12d)
we = wy (2.12e)
V. oV
W — 4 0 = o — + vy (2.126)
0z 0z
ua’ = ub’ (2.12g)
oy’
9 2.12h
ot Wy ( )

To eliminate pressure from the normal stress condition, we
can use an expression derived from taking the scalar
product of (2.2a) and the horizontal gradient V, spe-
cifically,

ow’ d ow

V12p’ =p (— V2

0z ot 0z
v o 0 o
—— —_— (2.13)
9z oy oy 0z

Next we make the horizontal Fourier decomposition of
Equations (2.12) and (2.13) using (2.13) to eliminate
pressure in (2.12d). The scalings of Equation (2.6) are
used to give

0a:0b+‘r)(8-— 1)

SD@U, = D¢ b

(2.14a)
(2.14b)

1
(D*wg + o?wg) — prs (D*wy, + o?wyp) =
e

Ma
[6a + 7] (2.14c)
Pe,

— a2

1
— (D%w, — 8a2Dw,) + . (D3wy — 3a2Dwy)
e

+ oReq(Dws — Dwst—1) iBRes (- weDV, + % DVb>

= o?Ren(F + o25) (2.14d)
Wy = Wy (2.146)
Dwy, = Dw, + iB(DVy — DV,)y (2.14f)
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(2.14g)

The disturbance can take one of two basic orientations
which we will define as longitudinal and transverse, in con-
formity with the usual definition. In the former case,
B = 0 and the wavefronts are parallel to the base state
velocity vector. In the latter case, 8 = o and the wave-
fronts are perpendicular to that vector. It is especially im-
portant to note that the equations for longitudinally ori-
ented disturbances are identical to those for plane, stag-
nant layers, since the terms in (2.9) and (2.14) in-
volving the mean flow are zero for 8 = 0. This has been
previously noted in similar studies and is due, of course,
to the fact that a longitudinal roll vortex with disturbance
streamwise velocity independent of streamwise coordinate
has no Reynolds stress in the flow direction. Thus, a roll
does not interact with the mean flow and stability limits
for such rolls are independent of the features of this base
flow. This is true for all rectilinear flows, not just the
simple Couette flow treated in detail here.

on = Wy

SQUIRE'S TRANSFORMATION

Squire (1934) proved that, in parallel flows, transverse
disturbances are excited at lower rates of shear than
oblique disturbances. His proof involved transforming the
linear stability equations for any oblique disturbance to
an equivalent transverse disturbance with Reynolds num-
ber dependent upon the orientation. Oblique disturbances
have the same stability limits as transverse disturbances at
a lower Reynolds number. The theorem follows with the
a priori knowledge that shear is destabilizing for that
problem,

We attempt here to prove a theorem for the present
problem in the spirit of Squire. This could be especially
valuable since, as noted above, the longitudinal limit of
Equations (2.9), (2.10), and (2.14) is the system of
Zeren and Reynolds (1972). First, Equations (2.9),
(2.10), and (2.14) will be transformed to remove 8. Then
the known effects of gravity, surface tension, and shear
upon convective instabilities will be used to predict the
relative stability of different orientations.

The three-dimensional problem is reduced to an
equivalent two-dimensional problem under the following
transformation:

a':ﬁcv_'
[+3
17='El7
o
Bazgﬂa
Re_%ﬁ_e; Pe :—%j (3.1)
Ma:@and Ra:_(_z
2
S=-ﬂ—S
a2
_&
F—a—zF

where the underlined quantities are associated with the
transformed equations (that is, 8 removed). It is clear that
oblique disturbances have the same critical Ma or Ra as
transverse waves at smaller Re and larger S and F.

On the basis of previous work it is possible to predict
the effects of shear, surface tension, and gravity. The last
two effects limit the system’s freedom by providing a
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restoring force for small and large wavelengths, respec-
tively; hence in the stagnant and diffusive Marangoni
problem Scriven and Sternling (1964) clearly demon-
strated the stabilizing effect of increasing surface tension
while Smith (1966) dramatically showed that gravity
stabilizes long waves. These effects carry over to the
present problem, tending to stabilize the longitudinal mode
relative to the transverse mode.

At this point it is appropriate to briefly review previous
work on density driven instabilities in a shear environment,
all of it dealing with a single fluid between horizontal,
isothermal plates. Gage and Reid (1968) considered
Poiseuille flow; while Ingersoll (1966), Gallagher and
Mercer (1965), and Deardorf (1965) examined Couette
flow. All of these theoretical works indicate longitudinal
rolls to be the preferred mode. The experiments of
Bernard and Avsec (1938), Chandra (1938), and Brunt
(1951) (all on Couette flow) verify predictions except
that transverse traveling waves are possible for Re < 7
at highly supercritical Rayleigh numbers, Re ~ 17,000.
On the basis of this work it can be inferred that, in con-
trast to the usual situation in parallel flow instability, shear
stabilizes convective instabilities at moderate Re, causing
the longitudinal mode to be preferred.

Hence, even though there is a Squire’s transformation,
no theorem is possible in this case due to the competing
effects of shear, surface tension, and gravity. While the
linear stability equations must still be solved for transverse
disturbances to allow comparison with previous work, the
transformation does suggest two possibilities. Namely, we
would expect longitudinal rolls at large flow rates for sys-
tems where y and py/p, are large, and transverse inter-
facial waves in the opposite extreme.

LONGWAVE EXPANSION

The Equations (2.9), (2.10), and (2.14) have a
transverse, interfacial wave solution that can be described
using a long wave expansion technique similar to that of
Yih (1967). We develop here a means of calculating a
wave speed, growth rate, and critical Rayleigh number
for this mode.

For ease of comparison with Yih in the appropriate
limit we introduce stream functions having Fourier trans-
forms ¢ and x for the upper and lower phases, respec-
tively. Hence

w, = — iy (4.1a)
and

wy = — By (4.1b)
Also we make the conversion ¢ = — ic8 so that the

growth factor becomes ¢;8 and the wave speed ¢, where
¢, and ¢; are the real and imaginary parts of the complex
numbers ¢. The linear disturbance equations in the trans-
verse limit (« = 8) becomes

Re B[ (1 + r)z — c] (D% — B%p)

Ra,
+ i(Dip — 282D% + Big) + Bba P: =0 (4.2a)
RepBI(1 + r)et z — c]1 (D% — £%)
R
+i(Dx — 28°D% + B%) + B2 =0 (4.2b)
Peys
iBI(Y + r)z — ¢}, — iBp = Pe, (D%, — B%,) (4.2¢)

iBI(1 + r)etz — 10, — iBse = Per™1(D%p — B261)
(4.2d)
At z = 0 the interface conditions become

sD@, = D8y (4.3a)
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0a=8p +9(s — 1) (4.3b)
7= @/c (4.3¢)
¢ =X (4.3d)
Do =Dy —n(l —et)(1+71) (4.3e)
D%p + B%p — e~ 1t~ (D% + B%) =
— MaiBPe, (8, + n) (4.3f)

D3¢p — 382D — e~ 't~1(D3% — 382Dy)
+ RegiBc(Dyp — t'Dx) + @ifRe,(1 + 1) (1 —e)
+ BniRes(F + «2S) =0 (4.3g)

The boundary conditions on the rigid surfaces remain as
before.

In order to determine the critical parameters for the
onset of long interfacial waves, one is faced with much
tedious algebra, the details of which are omitted here for
the sake of brevity. The technique used is identical in
spirit to that of Yih (1967). The variables x, ¢, 6a, s, c,
and 7 are expanded in an asymptotic power series in B.
At each level in the expansion, a coupled set of equations
is solved subject to the boundary conditions at that order.
The kinematic condition is then used to determine suc-
cessive approximations to the wave speed ¢ and growth
rate c;.

The differential equations at lowest order are

Doy =0 (4.4a)
Diyo =0 (4.4b)
D%, =0 (4.4¢)
D%, =0 (4.4d)
with the interfacial conditions (z = 0):
70 = @0/ Co (4.5a)
Yo = Xo (4'5b)
Do = Dxo — no(1l — et) (1 + 1) (4.5¢)
D2py — e 147D =0 (4.5d)
D3py — e 14" 1D% =0 (4.5¢)
In addition we adopt the normalizing condition:
¢o(0) =1 (46)
Then
@o =1+ Az + Apz? + Agz® (4.72)
x0 = 1 + Biz + Byz? 4+ Bjz® (4.7b)
ba0 = Ay + Asz (4.7¢)
b0 = B4 + Bsz (4.7d)

and it is a straightforward matter to determine the coeffi-
cients A; and B;. (See Table 1 for their expressions.) To
zeroth order, c is real:

_ 2r%et(1 + r) (1 — et)
T (et)2 + Zret(22+ 3r 4+ 2) + 1

The wave speed expressed in (4.8) is identical to Yih’s
equation (34) with appropriate modifications for refer-
ence frame and velocity scaling. To first order the govern-
ing equations are

(4.8)

Co

Qg

=0

R
Rea[ (1 + r)z - Co]DZ(Po + iD4(pl -+ 00‘0 P

€a

(4.9a)
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Rab _

Reu[ (1 + r)et z — co]D%xo + iD*x1 + Ov,0

Pebs
(4.9b)
with interfacial conditions (z = 0):
¢1=x1 (= 0asaconsequence 4.6) (4.10a)
m = $promo & (4.10b)
Co 002

D¢1 = DX1 - 'ql(l - et) (1 + 1') (4100)
ngol — e‘lt‘lszl = — Ma iPea‘l(()a,o + ‘)70) (4.10(1)

Dagol — e‘lt‘lD"XI -+ ReaiCo(D(po - Dth—l)
+ @oiRea(1 + r) (1 — €) + noiFRe, =0 (4.10e)

The solutions of (4.9) are a homogeneous part (of poly-
nomial form) and a particular part. With the interfacial
and boundary surface conditions, the polynomial coeffi-
cients can be eliminated in a straightforward and tedious
manner to give a relation for c;:

iRa,
¢1Pgy + R

Py3 + iRey Poy = 0 (4.11)

€a
Note that ¢; is imaginary, and at marginal conditions
(c; =0)

Py
Ra, = — —— Re,?
23

(4.12)

P21, Py, and Py are complicated, but real, functions of
the numerous dimensionless groups (see Table 1).

It should be noted that for a given system, Ma, Ra,,
and Ra, are fixed ratios of each other irrespective of tem-
perature stratification, hence

esx

Rab = -? Raa (4.133)

Ma = Q Ra, (4.13b)

and the criteria of (4.11) and (4.12) can be expressed in
terms of Ra, or Ma just as readily. Similarly,

Rey, = ¢ Reg (4.14)

irrespective of shear.

Equations (4.11) and (4.12) give growth rates and
wave speeds for the long wave solution which will be
compared below to the general solution.

CALCULATIONS AND RESULTS

It was not feasible to do a parametric study in this prob-
lem due to the large number of dimensionless groups.
Instead, solutions were calculated for particular fluid sys-
tems, in particular for benzene/water which Zeren and
Reynolds (1970) used in their calculations.

While (4.11) and (4.12) provide the necessary results
for long wavelength transverse waves, it remains to solve
(9.9), 9.10), (9.14) for shorter wavelengths of the trans-
verse mode. Since these equations are linear, it is possible
to generate linearly independent solutions at a given
(Ra, ¢) and superpose them to satisfy the boundary con-
ditions if the chosen (Ra,c) pair is an eigenvalue. In
the current work three linearly independent solutions were
generated by integrating from the upper to the lower
surface using a Runge-Kutta method. These solutions were
constructed to satisfy the upper surface boundary condi-
tions, the chosen (Ra,c¢) pair being an eigenvalue if it
was possible to satisfy the boundary conditions on the
lower surface. Eigenvalues pairs were located using bi-
variate interpolation of the complex determinant in the
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TaABLE 1. DIMENSIONLESS GROUPS OF 4.11 AnD 4.12

+ 1+ etr2(4r 4+ 3)

2rlet
etrd + 1
A = 7L
2 (1 4 r)et
Ay etr2 — 1
T Zetr?
s—1
Ay = ————
co (sr+ 1)
(141)(s—1)
As = m—m——e————
co (st + 1)
By = etAs
B; = etA3
P, = 6(1+T)A3
P, = 2(1+71)Az — 6cp A3
Ps = — 2cA2
Py = 6(1-471) (et)2eAs
P; = 2(1+T) (et)2eA2—600e2tA3
Pg = — 2cqe?tAs
1 F
P; = -G—Et [CO(A1—Blt"1) +(1L+7r)(l—e)+—
Co
t (A -1
Py = et (Ay 4-co~1)
2 Prq
1—et) (1
py _ =4
002
Qr2Pg esx AsrS Pyt
Py = — + — -
(14 72 E 120xPrg (1 + 7)8 24 (1 4-r¥
P P773 P41'6 P57‘5 P614
T E P 36048 1200 + 15 2401+ n*
(1 —et) (14+1)
Pig =4 ——————
002
21’ng esx A51’4 P171‘3
Py = ——— 4+ — +
(1 41) E (1 4 7r)424xPry 6 (1 4 1)3

superposition step.

This numerical routine was used on the water-benzene
pair studied by Zeren and Reynolds. No small or moderate
wavelength solutions were found at marginal stability for
this particular pair although this result may not be con-
clusive. The routine did locate solutions at small wave
numbers and these results are in excellent agreement with
the long wave expansion (4.12). We hasten to qualify
the above remarks by noting that, at sufficiently high
Reynolds number, the flow will become unstable to short
waves of the Tollmein-Schlichting type, regardless of the
stratification. By Tollmein-Schlichting waves we refer to
a class of well-studied parallel shear flow instabilities
occurring in flows which are stable according to Rayleigh’s
inviscid criterion, but become unstable at sufficiently high
Reynolds number; see Stuart (1963). Little theoretical
work appears to have been done in two-phase flow for
disturbances of this class, even for the case of homo-
geneous fluids. Such work would involve numerical solu-
tions of the Orr-Sommerfeld equation at high Re for both
phases, which is well known to entail severe numerical
difficulties. The experimental work of Charles and Lilleleht
(1965) indicates that instabilities of this class can be
expected for individual phase Reynolds numbers of the
order of 2000. In the work reported here, we have focused
upon low to moderate Reynolds numbers, for which this
mode can be safely neglected.

An overview of the stability diagram for the flow may
be succinctly summarized as follows. Given a fluid pair
and the depth ratio, we choose the Rayleigh number Ra,
as a stability parameter. This choice is somewhat arbitrary
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Fig. 1. Relationship of the various instability modes: Dashed lines
represent possible locations of the transverse wave solution.

since Ra, may be expressed in terms of the Marangoni
number if desired. A convenient parameter describing the
effect of the flow is the Reynolds number Re. Thus a
description of the effect of shear on convective instabili-
ties is given by a stability diagram in the (Ra, Re) plane.
This is shown schematically in Figure 1. On such a dia-
gram, the linear limit for onset of rolls appears as a hori-
zontal line since, as we have seen, the base flow does not
interact with roll vortices. At some high Reynolds number,
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the flow becomes unstable to Tollmien-Schlichting waves;
this limit appears as a cut-off Reynolds number above
which the flow is certainly unstable. Finally, the presence
of an interface allows a long interfacial wave disturbance
whose locus in the (Ra, Re) plane is given by the com-
plicated expression (4.12). The fact that we have chosen
to depict this limit schematically as horizontal lines will
be discussed below.

In Table 2 long wave results of (4.12) are compared
with convective stability criteria of Zeren and Reynolds
and Smith, all being expressed in terms of Ra,. As ex-
pected the pure surface tension driven mode described by
Smith required greater stratification than the combined
density-surface tension mode. The traveling long wave
is excited at an intermediate Ra,, and presumably will not
be observed—longitudinal rolls excited at the Ra, of Zeren
and Reynolds will dominate.

Long wave results for other fluid systems are given in
Table 3. Although there are no results for comparison, in
light of the close results in Table 2 it seems probable that
long waves will dominate in some of the systems, espe-
cially when pq/py is close to unity.

The results in Table 3 were found to be independent of
Re, with one exception. It is interesting that shear rate had
a significant effect on the stability criteria of only
one of the fluid systems studied. This is possible
since F appears in the numerator of (4.12), can-
celing the velocity dependence if other numerator
terms are sufficiently small. Thus for over a significant
range of Reynolds numbers, we find that the most im-
portant stability parameter describing the onset of long
interfacial waves is the modified Froude number F. The
physical interpretation of this group’s importance may be
seen as follows. The Froude number appears in the normal
stress balance and is a dimensional measure of the hydro-
static force caused by the presence of a wave on the inter-
face. (Note that F = 0 if p, = py.) Now the disturbance
under discussion is a long interfacial wave, and for such
long waves, surface tension cannot act as a restoring force.
Thus the only restoring force on a long wave is gravity,
manifested by the magnitude of F. It is thus not surprising
that this is the major stability parameter for this mode of
disturbance. The one fluid pair showing any shear de-
pendence was that for which the density ratio is near
1.0 (n-octanol/water: p,/py == 0.83).

Comparison with Nield’s (1964) results for the com-
bined Marangoni-Rayleigh problem is omitted since cer-
tain conflicting predictions arise when the one-fluid model
is applied to a two-fluid system. For example, in heating
from above for the usual case where 9y/3T, 9p/8T < 0,

the one fluid model predicts unconditional stability for
the lower fluid whereas the upper fluid is unstable for
sufficiently severe stratification, and suitably small thick-
nesses. Many such odd predictions derive from neglecting
the effect of the adjacent phase upon interface tempera-
ture, for example, if fluid moves from both phases towards
the same spot on the interface no surface tension driven
instability occurs if the hotter fluid has larger pC,. The
one-fluid model has found application in certain limiting
cases, namely, convective instabilities in a liquid layer
which adjoins an upper gas phase, Palmer and Berg
(1971).

CONCLUSIONS

The existence of traveling wave disturbances was ana-
lytically demonstrated. Since the equations for longitudinal
roll disturbances are identical to those for stagnant sys-
tems, a simple criteria now exists to determine whether
rolls or waves will be excited. This is schematically illus-
trated in Figure 1: waves exist at conditions where the
dotted curve described by equation (4.12) falls below
the solid horizontal line. For the one fluid pair studied
by Zeren and Reynolds (1970), longitudinal rolls are
the preferred mode, but this is not a global result, Un-
fortunately, calculations similar to those of Zeren and
Reynolds are not available for other fluid pairs. However
the calculations of Smith (1966) may be used for com-
parison against results calculated by (4.12) when surface
tension driven instabilities dominate. Similarly, for cases
of high interfacial tension with coactive buoyancy and
surface tension driven convection, Nield’s (1964) results
may be employed with some degree of confidence, pro-
vided the second phase is a gas.

In Part 2 of this work, the nonlinear formulation of this
problem is solved to yield sufficient conditions for stability.
In Part 3, we will discuss some related experimental ob-
servations.

TasLE 2. BENZENE/WATER—COMPARISONS WITH MARGINAL
STABILITY CRITERIA OF OTHER WORKERS

Worker d (cm) Critical Rag Co
Long wave 0.4 —5.75 x 106 9.73 x 10—2
Long wave 0.2 —3.04 x 105 9.73 X 102
Zeren and

Reynolds 0.2 —1.1 x 105 —
Smith 0.2 —4.38 x 10° —_—

Note that the Raa < 0 for heating from below. Long wave results
for this fluid pair are shear independent.

TabLE 3. Lonc WavE RESULTS FOR DIFFERENT FLUID Parrs. EXcEPT WHERE INDICATED, THERE 15 STABILITY
FOR Ra > Ra,. r = 1.0 For ALL CASES

Fluids d (cm) Critical Ra, Req Co

Water/dibromoethane 0.2 1.39 x 105® Independent —4.32 x 10-1

04 —2.41 x 103 Independent —4.32 x 101
Water/carbon tetrachloride 0.2 —7.78 x 104 Independent —2.50 x 10—2

04 —4.09 x 105 Independent —2.50 x 10—2
Air/n-octane 0.2 —337 Independent 8.63 x 1072

04 —1.07 x 104 Independent 8.63 x 10—2
Benzene-mercury 0.2 —2.17 x 107 Independent 1.40 x 101

04 —3.66 x 108 Independent 1.40 x 101
n-octanol/water 0.2 —1.44 x 104 1 —1.36

0.2 1.04 x 105 16 —1.36

0.2 4.8 % 105 32 —1.36

0.4 —3.87 x 105 1 —1.36

04 —1.45 x 102 16 —1.36

04 1.17 x 108 32 —1.36

*® Stable for Ra < Raa.
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NOTATION

c io/ B, dimensionless

d ds + dp, m

dg depth of upper fluid, m
dy depth of lower fluid, m
D 9/0z, m—1

ve/ vy, dimensionless

Ba/ By, dimensionless

(po — pa) gd/paV?, dimensionless
acceleration of gravity, m/s?

I U T | I I T T T

unit vector parallel to base flow, dimensionless
thermal conductivity, W//m - K

= gr«»>»‘.>¢m My ®
i

= vertical unit vector, dimensionless
= base temperature gradient, k/m
a = 8y/8T Lqad?/kapq, dimensionless
= dynamic pressure, N/m?
Pe, = dVy/k,, dimensionless
Pe, = dVy/«p, dimensionless
Q = 9y/8T/d?gB,pa, dimensionless
r = dy/d,, dimensionless
Ra;, = BagLad*/kqpq, dimensionless
Ra, = BvgLypd*/xpus, dimensionless
Re, = Vyd/v,, dimensionless
Rey, = Vd/v,, dimensionless
s = ko/ks, dimensionless
S = v/Vi?p,d, dimensionless
t = pq/py, dimensionless; or time, s or dimensionless
T = base temperature, K
Ty = temperature of upper boundary, K
Ty, = temperature of lower boundary, K
u = perturbation velocity (x direction), m/s
N
' = perturbation velocity vector, m/s
v = perturbation velocity (y direction), m/s
\% = base velocity, m/s
Vo = velocity of upper boundary, m/s
w = perturbation velocity (z direction), m/s
x = Ko/ ks, dimensionless; or horizontal (perpendicular
to low), m
y = horizontal (streamwise) coordinate, m
z = vertical coordinate, m

Greek Letters

a = total wavenumber, dimensionless

B = wavenumber in y direction (without subscript),
or coefficient of expansion, dimensionless

= surface tension, N/m

= horizontal component of gradient operator, m~!

= horizontal component of Laplacian operator, m~2

= wavenumber in x direction, dimensionless

= surface deformation, m

= perturbation temperature, K

= thermal diffusivity, m?/s

= viscosity, N * s/m?

= kinematic viscosity, m?/s

= density, kg/m?

= disturbance growth constant, dimensionless

= upper fluid stream function, dimensionless

= lower fluid stream function, dimensionless

-

-
[

XEA® TE A DI 0o qq

Superscripts
() = a perturbation quantity before normal mode
transformation, dimensionless

Subscripts
a = a property of the upper fluid, dimensionless
b = a property of the lower fluid, dimensionless
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0 = zeroth-order expansion term, dimensionless
= first-order expansion term, dimensionless

—
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